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Abstract 
A new model is proposed in order to describe the three regimes (near-threshold, intermediate and high propagation rate) of 
fatigue crack growth for a range of load ratios with a generalized exponential equation. The FCG curves used in this work 
include experimental data comprising aluminium alloy AMS 7475 T7351 obtained by means of constant-load-amplitude tests 
with four load ratios and one K-decreasing test for R = 0.1, as well as crack growth data taken from literature for three aluminum 
alloys: 6013-T651, 2324 T39 and 7055 T7511. The performance of the proposed exponential equation is compared to the 
modified Forman model with respect to the goodness-of-fit and the ability to correlate the crack propagation rate for different R-
ratios with a reduced number of parameters. 
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1. Introduction 
The fatigue crack growth (FCG) behavior in metals and alloys under constant amplitude test conditions is usually 
described by the relationship between the crack growth rate da/dN and the stress intensity factor range 'K. The 
typical log-log plot of rate da/dN versus 'K shown schematically in Fig. 1 has a sigmoidal shape that can be divided 
into three regions [1-4]. Region I is the near-threshold region, in which the curve becomes steep and appears to 
approach an asymptote 'Kth, a lower limiting 'K value below which no crack growth is expected to occur. Region II 
(intermediate regime) corresponds to stable macroscopic crack growth. The Paris power law [5], an empirical 
relationship showing a straight line in the log-log fit, is the basic model for fatigue in this region of medium crack 
growth rates (10-8 to 10-6 m/cycle). Region III is associated with rapid crack growth just prior to final failure and is 
controlled primarily by Kc, the fracture toughness for the material and thickness of interest. 
It is long observed that, for a fixed 'K, da/dN is strongly influenced by the stress-cycle asymmetry, usually 
expressed in terms of the load ratio R [6-8]. The threshold stress intensity values ('Kth) were found to depend on R
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as well [2, 9]. The most successful explanation for the so-called R-effects was given by Elber [10], who introduced 
the concepts of crack closure and effective stress intensity range ('Keff). However, the description of FCG behavior 
in terms of 'Keff is impaired by the various experimental and conceptual difficulties associated with the estimation 
of crack closure [11]. These include the verification of contradictory results of closure loading measurements 
[12,13], the observation of influences of the location and employed technique on the crack opening load value [14, 
15] and the identification of the different closure mechanisms and their relative importance in each specific situation 
[11, 16-18].  Therefore the search for a quantitative description of crack behaviour in which the R-effects are taken 
in account without the need of 'Keff calculations was encouraged. Furthermore, once it is clear that two parameters 
are necessary to define a cyclic loading, it is also reasonable to consider the FCG process in terms of two loading 
parameters [19-23]. 
Fig. 1. Three regions of fatigue crack growth curve. 
Some of the numerous published FCG models are aimed at describing all three regions of da/dN-'K curves. They 
have two asymptotes and only one point of inflexion [4]. Among them, perhaps the most known are the relations 
proposed by Collipriest [24], Priddle [25] and McEvily [26], as well as the modified Forman equation [27]. 
Although they can be useful in providing a first estimate of FCG behaviour, the significance of such equations is 
limited [28]. In a recent work, Al-Rubaie et al [29] modelled the complete da/dN-'K curves of pre-strained 7475-
T7351 aluminium alloy plate using Collipriest, Priddle and modified Forman models. They observed that the 
modified Forman equation provides the best fit to the FCG data sets. However, only the stress ratio R = 0.5 was 
adopted for the fatigue tests, a limiting factor for more general conclusions, since the goal of the FCG models is to 
assess the crack propagation rates for a wide range of stress ratios with a single group of fitting coefficients [30]. On 
the other hand, it is well established that Region II of a real FCG curve is not always a straight line – on the 
contrary, it can show several knees or transitions, which are changes in the slope of the da/dN-'K plots [31]. These 
changes can be related to microstructural factors or to fracture mode transitions [32-34], although they are not taken 
in account by the conventional FCG models.  
Recently a new exponential model, proposed by Adib and Baptista [35], allowed for considering non-linear 
Region II da/dN-'K behaviour. For a single FCG curve, this Arrhenius-type relation, named DE model, is written in 
the form of Eq. (1), where A = eD, D and E being the fitting coefficients. This new model can be easily generalized 
for a range of stress ratios by taking E in terms of log(R), as shown in Eq. (2). A relatively simple least square 
regression procedure leads to the determination of an only set of fitting coefficients, D, E0 and E1, that succeeds in 
accurately describing the FCG rate data sets of titanium and aluminium alloys, in which Region II fatigue cracks 
deviate from Paris behaviour. The so-called DE model is more versatile than the conventional Paris-based equations 
and allows for accurately describing the R-effects for these materials.   
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In the present work, more complete FCG curves are modeled with an improved exponential equation in order to 
describe the three regions of crack growth as well as the R-effects with substantial support. The FCG curves used in 
this work include experimental data for AMS 7475-T7351 alloy obtained by means of constant-load-amplitude tests 
with four load ratios and one K-decreasing test for R = 0.1, as well as crack growth data taken from literature [36] 
for three aluminum alloys: 6013-T651, 2324 T39 and 7055 T7511.   
2. Development and results 
2.1. Model development for AMS 7475-T7351 alloy 
Compact tension specimens of AMS 7475-T7351 alloy (Young’s modulus E = 72 GPa), cut in the TL orientation 
with nominal thickness of 25 mm (plane strain predominancy) were tested with constant load amplitude under force 
control and four distinct load ratios (min/max): R = 0.1, 0.5, 0.7 and 0.8. The FCG tests were conducted at room 
temperature in laboratory air using a servo-hydraulic system MTS 810 with 250 kN force capacity. The loading 
waveform was sinusoidal and the test frequencies were selected within the interval between 8 and 30 Hz. The 
compliance method of crack length monitoring was adopted during the tests and periodically additional checking 
was performed by visual observations with a traveling microscope. One additional K-decreasing test was performed 
in order to determine the near-threshold regime (Region I) of FCG for R = 0.1. 
The four constant-load-amplitude FCG curves show well defined Regions II and III (intermediate and rapid crack 
growth regimes). The existence of Region III implies a change of slope which is not possible to obtain with the 
simplified exponential model given by Eq. (1). Thus a new expression is proposed, see Eq. (3), aiming to describe 
this FCG behavior. In this equation Kc is a reference critical value of stress intensity factor, taken as 32 MPa m0.5 for 
this alloy; the exponent E was found to be 1.8; log A ranged from -18.05 to -22.82 as R increased and the fitting 
coefficients a and b were determined for each curve by linear regression. The first term of the exponential gives the 
rapid growth character to the final part of the curves and includes the R-dependency of FCG behavior, whereas the 
second term calibrates the stable crack growth regime. The experimental results and the fatigue crack propagation 
curves obtained by Eq. (3) are given in Fig. 2. 
The next step is to improve the model in order to consider the near-threshold crack behavior that defines Region 
I. This is done simply by introducing 'Kth in both terms of the exponential, as shown in Eq. (4). A complete FCG 
curve for AMS 7475-T7351 alloy is obtained with R = 0.1 by joining raw data from the constant load amplitude and 
K-decreasing tests. The improved equation is capable to describe the three regions of this FCG curve, as shown in 
Fig. 3. In this case, the exponent E recalculated resulting in E = 0.25. The other fitting coefficients were: 
log A = -26.11, a = 19.79 and b = -0.4392. 
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Fig. 2. Modeling Regions II and III of fatigue crack growth for AMS 7475 T-7351 aluminum alloy with various positive R ratios. 
Fig. 3. Modeling the complete FCG curve for AMS 7475 T-7351 aluminum alloy with R = 0.1. 
2.2. Checking the performance of the model with other aluminum alloys 
Eq. (4) is now employed to fit crack growth data taken from literature for three aluminum alloys with the positive 
R-ratios of 0.1, 0.3, 0.5 and 0.7. The same data are also described by the modified Forman model, given by Eq. (5) 
and which was found by Al-Rubaie et al [29] to provide the best fit to FCG data as compared to other conventional 
models. In both cases, the model parameters were estimated individually for each curve by linear regression (least 
square method) after attributing 'Kth and Kc values. For the exponential model, Eq. (4), a single E-value was also 
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attributed to all the curves, whatever the considered material: E = 0.25, i.e., the same value found for AMS 7475-
T7351 alloy. The resultant curves, plotted in Figs. 4–6, indicate that both models describe FCG behavior in a similar 
fashion. In spite of that, two aspects must be considered so as to compare these two models: the goodness-of-fit and 
the ability of the model to correlate the crack propagation rate for different R-ratios with a reduced number of 
coefficients.
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Fig. 4. Fatigue crack growth data [36] of 6013-T651 aluminum alloy, comparison among Exponential and modified Forman models. 
Fig. 5. Fatigue crack growth data [36] of 2324-T39 aluminum alloy, comparison among Exponential and modified Forman models. 
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Fig. 6. Fatigue crack growth data [36] of 7055-T7511 aluminum alloy, comparison among Exponential and modified Forman models. 
Among the several measurements that may be used to assist the goodness-of-fit of a model with the experimental 
data, the R2 and the AICC were determined in the present paper for the fitted curves. The R2 statistic is the most 
commonly used method, although it is suited only for comparing models having the same number of parameters [29, 
37]. A more adequate measurement is the Akaike’s Information Criterion corrected for small samples, AICc, an 
asymptotically unbiased estimator of the expected Kullbach-Leibler (K-L) information lost when a model is used to 
approximate the underlying process (full reality) that generated the observed data [38, 39]. Models can only be 
compared using the AICc when they have been fitted to exactly the same data sets. The AICc values are negative 
numbers, and within the candidates, a model minimizing the AICc should be selected as the most appropriated one. 
If the AICc difference between two models is less or equal 2, it means that both have substantial support [37]. Table 
1 gives a comparison among exponential and modified Forman models. The R2 results of both models show very 
close values and only in one curve the R2 of modified Forman model is lower than that of the Exponential model, 
suggesting that the former is the best approximating model to the data. However, seven of the twelve tests resulted 
in lower AICC values for the exponential model, and the other five presented AICc differences between 1 and 2. 
Moreover, three of the seven sets presenting lower AICC for the exponential model resulted in differences greater 
than 3, indicating that the modified Forman model has considerably less support. Therefore, for the individual fits, 
the exponential model describes more adequately the FCG behavior of the studied alloys.  
2.3. Generalizing the model 
The second aspect that must be considered, as mentioned in the previous section, the ability of the model to 
correlate the crack propagation rate for different R-ratios with a reduced number of parameters. Here it must be clear 
that the goal of a FCG model is to precisely describe a set of curves with the same group of fitting parameters. From 
the results of the individual fits it was inferred that this objective is not possible to achieve. Therefore one must 
check for a correlation between the fitting parameters and R-ratio. The fitting coefficients obtained for the three 
aluminum alloys with the exponential equation show similar behaviors. For each alloy, an average A value can be 
determined which is independent of R, since the A values calculated for the data sets are very close to each other. 
Furthermore, coefficients a and b were found to vary with R according to linear and quadratic polynomials 
respectively. These results are shown in Table 2 and allow for suitably describing the data sets. In Figs. 7–9 the FCG 
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curves obtained with the exponential model given by Eq.(4), where E = 0.25 and the remaining coefficients are 
determined according to Table 2, are plotted together the original data sets. It can be seen that the exponential model 
generalization leads to a good description of FCG behavior. Moreover, it is possible to obtain FCG curves for non-
tested load ratios, since all the R dependency of the fitting parameters is determined. On the contrary, the modified 
Forman estimated parameters presented an apparently random variation with R, making it difficult to obtain simple 
functions to describe them. The choice of average values for the coefficients also resulted inadequate for the tested 
data since the obtained curves did not follow the experimental points in the same way the individual fit has done. 
Thus, generalization of modified Forman model is not as straightforward as for the exponential equation.  
Table 1. Model comparison: individual fit for various aluminum alloys and R-ratios.
Exponential Modif. Forman Material 
Designation 
R-
ratio R2 AICC R2 AICC
0.1 0.9961 -57.69 0.9968 -55.55 
0.3 0.9960 -56.34 0.9965 -52.54 
0.5 0.9954 -53.51 0.9970 -55.53 
6013 
0.7 0.9962 -53.22 0.9972 -51.17 
0.1 0.9943 -50.07 0.9950 -47.30 
0.3 0.9892 -34.32 0.9921 -36.28 
0.5 0.9779 -16.39 0.9804 -13.32 
2324 
0.7 0.9859 -28.85 0.9901 -30.13 
0.1 0.9934 -46.25 0.9950 -45.80 
0.3 0.9939 -48.12 0.9958 -49.10 
0.5 0.9950 -52.32 0.9965 -53.52 
7055 
0.7 0.9988 -42.94 0.9931 -36.15 
Table 2. Generalization of exponential equation: model parameters for various aluminum alloys. 
Material A a = f(R) b = f(R) 
6013 -24.64 17.40 – 0.70 R -0.030 – 0.013 R + 0.17 R2
2324 -25.11 16.27 – 2.70 R -0.034 + 0.070 R – 0.38 R2
7055 -25.21 18.15 – 7.00 R  0.004 – 0.120 R + 0.47 R2
Fig. 7. Generalized exponential model for 6013-T651 [36] aluminum alloy. 
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Fig. 8. Generalized exponential model for 2324-T39 [36] aluminum alloy. 
Fig. 9. Generalized exponential model for 7055-T7511 [36] aluminum alloy. 
3. Conclusion 
A new exponential equation was proposed in order to describe the three regimes (near-threshold, intermediate 
and high propagation rate) of FCG. The performance of this equation with some aluminium alloys data sets was 
compared to the modified Forman model. The AICc values indicated that the exponential model describes more 
adequately the considered FCG data. By taking some of the exponential model coefficients as functions of R-ratio it 
was possible to reproduce the original data sets behavior. Besides, it is also possible to obtain FCG curves for non-
tested load ratios, since all the R dependency of the fitting parameters was determined. The same was not possible 
with the modified Forman equation, indicating that the generalization of this model is not as straightforward as for 
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the exponential equation. The obtained results qualify the proposed model as a promising tool to describe the 
complete FCG curves of aluminium alloys and other structural metallic materials. 
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